We study linear scalar perturbations around a flat FLRW background in mimetic Horndeski gravity. In the absence of matter, we show that the Newtonian potential satisfies a second-order differential equation with no spatial derivatives. This implies that the sound speed for scalar perturbations is exactly zero on this background. We also show that in mimetic G 3 theories the sound speed is equally zero. We obtain the equation of motion for the comoving curvature perturbation (first order differential equation) and solve it to find that the comoving curvature perturbation is constant on all scales in mimetic Horndeski gravity. We find solutions for the Newtonian potential evolution equation in two simple models. Finally we show that the sound speed is zero on all backgrounds and therefore the system does not have any wave-like scalar degrees of freedom.
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I. INTRODUCTION
Recently, mimetic gravity (called mimetic dark matter) [1] , a modification of General Relativity (GR) leading to a scalar-tensor type theory, has attracted considerable attention in the cosmology community. The main reason is that the theory possesses some very attractive features. For example, it was shown that the original theory (called mimetic dark matter) [1] contains an extra scalar mode (of gravitational origin) which can mimic the behaviour of cold dark matter even in the absence of any form of matter. Soon after it was realised that with a small generalisation of the original theory the scalar mode could be used to mimic the behaviour of almost any type of matter and in this way one can have almost any desired expansion history of the universe [2] .
The mimetic scalar field was introduced in GR by doing a non-invertible conformal transformation in the EinsteinHilbert action of the type g µν = −wℓ µν , where the physical metric is g µν , the auxiliary metric is ℓ µν , w is defined in terms of a scalar field ϕ as w = ℓ µν ∂ µ ϕ∂ ν ϕ [1] [2] [3] . Soon after it was realized [4] that the type of metric transformation that leads to mimetic gravity can be further generalised from the previous transformation to include also a disformal term [5] as g µν = A(ϕ, w)ℓ µν + B(ϕ, w)∂ µ ϕ∂ ν ϕ, where A and B are free functions of two variables and they must obey some conditions (see [6] and also [7] where the conditions for disformally coupled theories to have a so-called Jordan frame were discussed) so that the Lorentzian signature is preserved, the transformation is causal and regular, g µν exists and A and B are related as B = −A/w + b, where b is an arbitrary function of ϕ only and it should not cross zero. If A and B are arbitrary functions and do not obey the previous relation then the equations of motion that one obtains are just Einstein's equations [4] .
The stability of mimetic gravity against negative energy states, i.e. ghosts, was studied in [3] , where it was shown that ghosts are absent if the energy density of the effective fluid is positive. Ref. [8] (see also [3] and [2] ) showed that the original mimetic gravity can be derived from an action with a constraint imposed by a Lagrange multiplier without the need to invoke a disformal transformation. In this paper we will follow this complementary approach of using a Lagrange multiplier.
Recently in [9] , we have generalised some of the previously mentioned results starting from a very general scalartensor theory of gravity (which includes, e.g., Horndeski models 1 and the so-called G 3 theories [13, 14] ). We have shown that such general theories are invariant under the generalised disformal transformations introduced above. However, for a small subset of those transformations, when they are not invertible, the resulting theory is a generalisation of the original mimetic gravity theory. We have proposed two simple toy models within the mimetic Horndeski class and showed that they possess interesting cosmological solutions. For instance, the simplest mimetic model is able to mimic the cosmological background evolution of a flat FLRW model with a barotropic perfect fluid with any constant equation of state (see also [15] for an earlier work). Actually by appropriately choosing the function b(ϕ) in the transformation one can mimic almost any desired expansion history.
In the original mimetic model [1] and its generalisation to include a potential [2] , it was shown that the sound speed of scalar perturbations is exactly zero (independently of the desired expansion history) and consequently this model cannot describe a successful inflationary model because quantum fluctuations cannot be defined as usual. To circumvent this problem, it was proposed to introduce higher-derivatives terms in the action [2] . In this way a non-zero sound speed can be generated. These higher-derivative terms help to suppress power for large momentum and it has been argued that this can be relevant for the small-scale problems of cold dark matter [16] .
The main purposes of this work are to study linear scalar perturbations in mimetic Horndeski gravity and to determine the corresponding value of the sound speed. These results will determine the growth of structure in mimetic Horndeski models.
In the meantime, there have been many works studying different aspects of the original mimetic theory and generalisations. For example, the Hamiltonian analysis was performed in [17, 18] , cosmological perturbations were further analyzed in [19] , extensions to f (R) type models were presented in [20, 21] , [22] studied the energy conditions and a generalization, a mimetic theory including a vector field was proposed in [3] , cosmology in mimetic Galileon models studied in [23, 24] , and the imperfect fluid nature induced by higher-derivative terms was further discussed in [25] .
This paper is organised as follows. In the next section, we introduce the model and some notation. We also show the general equations of motion of scalar-tensor mimetic gravity and discuss their independence. In section III, we discuss linear scalar perturbations of mimetic Horndeski in the Poisson gauge excluding other matter fields. We will compute the background equations of motion, then the first-order equations of motion for the Newtonian potential which we solve for the two toy models introduced in [9] . Section IV is devoted to the initial value formulation of the problem and to the discussion on the sound speed in general cosmological backgrounds. Section V presents the conclusions of the paper. The paper has 4 appendices. In appendix A we present the explicit expressions for the background equations of motion. Appendix B contains the expressions for the functions defined in the main text and that enter the first-order equations of motion. In appendix C, we present the background and linear equations of motion for the mimetic Horndeski model including matter in the form of a fluid that may have anisotropic stress. Finally in appendix D, we compute the sound speed in a theory beyond mimetic Horndeski. We call this theory mimetic G 3 theory as it is the mimetic version of the so-called G 3 theory [13, 14] . The reduced Planck mass is set to unity throughout the paper and we use the mostly plus metric signature.
II. THE MODEL AND NOTATION
In this section we will start by introducing a very general scalar-tensor theory of gravity including a term with a Lagrange multiplier following [9] . We will mostly follow notation of [9] which we briefly summarise in this section too. There, it was shown that mimetic gravity has a dual formulation. One formulation is via a (non-invertible) disformal transformation as discussed in the introduction and the other formulation, that we will follow in this paper, is by using a Lagrange multiplier to impose the so-called mimetic constraint. In the following sections, where we will present explicit results for linear cosmological perturbations, we will restrict the very general mimetic scalar-tensor theory to the mimetic Horndeski theory. Horndeski's theory [10] is the most general 4D covariant theory of scalar-tensor gravity that is derived from an action and gives rise to second-order equations of motion (in all gauges and in any background) for both the metric and the scalar field. This useful property guarantees that the mimetic theory is free from higher-derivative ghosts because, as shown in [9] , if the original theory is free from these ghosts then also the mimetic theory that it originates is free from them.
Let us start with the very general action for scalar-tensor mimetic gravity as
where λ is a Lagrange multiplier and ϕ is the mimetic scalar field. b(ϕ) is a known potential function, p, q ≥ 2 are integers. S m denotes the action for some matter field φ m which we assume that is coupled with g µν only. The equations of motion that result from varying the action with respect to λ, ϕ, g µν and φ m are respectively (after some simplification)
where
where L m is the matter Lagrangian density and T µν denotes its energy-momentum tensor. Taking the trace of Eq. (4) and using Eq. (2), one obtains
where E = g µν E µν and T = g µν T µν . One can see that the Lagrange multiplier is given by the traces E and T and this can be used to eliminate λ from the equations of motion to obtain
The previous set of equations are the equations of motion for the theory (1). However not all the equations in the set are independent from each other. As shown in [9] , Eq. (11) can be derived from the other equations. Also as we will now show, the 0 − 0 component of Eqs. (12) can be derived from Eq. (2) and the remaining components of Eqs. (12) . Let us start with the constraint equation
where ′ denotes the derivative with respect to the time coordinate (which in the next section we choose to be conformal time). Multiply both sides of the previous equation by E + T to obtain
where Latin indexes run from one to three only. By using the other components of Eqs. (12), i.e.
one can show that Eq. (15) simplifies to
Because g 00 = 0 we have the desired result that Eqs. (16) together with the constraint equation imply
This is a non-perturbative result and it will be important when counting the number of perturbation variables and their equations in the next section.
In the remainder of the paper, for the reasons previously mentioned, we will only consider a particular subset of theories of the form (1) known as mimetic Horndeski theory. The action of mimetic Horndeski gravity is defined by Eq. (1) where the Lagrangian density L is given by Horndeski's Lagrangian density L H as
and
The subscript , X denotes derivative with respect to X and in the following derivative with respect to ϕ will be denoted by a subscript , ϕ. The functions K, G 3 , G 4 , G 5 of two variables, X and ϕ, define a particular (mimetic) Horndeski theory.
III. LINEAR SCALAR PERTURBATIONS
This section is devoted to the study of cosmological linear scalar perturbations in the mimetic Horndeski gravity. Here we will assume that there is no matter in the model, i.e. S m = 0. We expect this to be a good approximation during the time when the effective energy density of the mimetic scalar field is much larger than the other usual components of the total energy density like radiation or cold dark matter. In appendix C we present the equations of motion of the mimetic Horndeski model including a matter source in the form of a fluid which may have anisotropic stress as it would be the case for free-streaming neutrinos. Before that, in the next subsection we will present well-known (see for instance [12, 26] ) results for linear scalar perturbations in Horndeski gravity, as a warm up.
We will work in the Poisson gauge. Because we are only interested in scalar perturbations, we will neglect vector and tensor perturbations. At linear order and in the flat FLRW background that we will assume, these different type of perturbations are all decoupled.
The metric is perturbed as
where a is the FLRW scale factor that depends on the conformal time τ , Φ denotes the generalised Newtonian (Bardeen) potential and Ψ the curvature perturbation. The inverse metric is
The scalar field is expanded as ϕ(τ, x) = ϕ 0 (τ ) + δϕ(τ, x), where ϕ 0 denotes the background field value and δϕ is the field perturbation.
A. Linear scalar perturbations in Horndeski
We will study linear perturbations of Horndeski gravity only in this subsection. The theory is defined by the action (19) . The tensor E µν introduced in the previous section will be the same for both Horndeski and mimetic Horndeski gravity as it is clear from its definition.
Because we assume that there are no matter sources and the equation of motion for ϕ is not independent from the metric equations of motion as it is well-known 2 , the equations of motion are simply
At the background level they reduce to E (0) µν = 0, where the superscript (0) denotes background quantities and the explicit expressions for E (0) µν in terms of the Horndeski functions and their derivatives can be found in appendix A. At first order (denoted by the superscript (1)) the tensor E µν can be written as
where ′ denotes derivative with respect to conformal time, the functions f i , i = 1, ..., 21 are linear functions of K, G 3 , G 4 , G 5 and their derivatives evaluated on the background, therefore the f i are functions of time only. Their explicit expressions are given in appendix B. These functions are not all independent from each other and they obey certain relations also given in appendix B.
For a standard kinetic term scalar field coupled to Einstein gravity, at first order, it is well known that Eqs. (26) are not all independent. By taking the time derivative of the E (1) 0i = 0 equation and using it again together with the background equations it is possible to obtain the evolution part of the E (1) ij = 0 equation (which corresponds to the second line of Eq. (28)). In Horndeski theory, something similar should also happen as we will discuss below. By taking the traceless part of E (1) ij = 0 one can see that the first line of E (1) ij vanishes. In other words the traceless part of E
(1) ij = 0 implies that
The physical implications of the previous equation are that the anisotropic stress is in general not zero and also that at least one of the fields is not a new dynamical degree of freedom. This equation will also be valid in the mimetic Horndeski case.
Let us now count the number of variables and equations of motion. We have three variables, δϕ, Φ and Ψ to be determined by the equations of motion, E
(1) µν = 0 which can be written as
Naively one has three variables and four equations, however, one can show that there are only three independent equations, as expected. Eq. (33) can be derived from Eqs. (32) and (34) and by using some of the identities in appendix B 3 .
B. Linear scalar perturbations in mimetic Horndeski
We now turn to the main goal of this paper, i.e., to study linear scalar perturbations in mimetic Horndeski gravity. As we have explained in Sec. II the independent equations of motion for the model reduce to (assuming that there is no matter; see appendix C for the case when matter is present)
At zeroth order on a flat FLRW background, they simplify to
where b 0 denotes b(ϕ 0 ). The first-order equations of motion are
where E (0) denotes the zeroth-order trace of E µν , b ,ϕ = b ,ϕ (ϕ 0 ) and the subscript , ϕ denotes derivative with respect to the field ϕ. As mentioned in the previous subsection the E µν tensor is equal to the one defined for the Horndeski's theory whose explicit expressions are given by Eqs. (27)- (29) . Eq. (39) implies
and Eq. (40) implies
where we have used the zeroth-order constraint. As before, Eq. (41) can be used for example to eliminate Ψ from all the equations in favor of the pair δϕ, Φ. In other words, Ψ is not a new degree of freedom with respect to the pair δϕ, Φ. One can also see that in general Ψ = Φ for mimetic Horndeski (i.e., there is some non-zero effective anisotropic stress).
It is important to note that because Horndeski's theory is form-invariant under a field redefinition one can without loss of generality set b(ϕ) = −1 in mimetic Horndeski. In that case, b ,ϕ = 0 and then the first-order constraint implies
At this point, we have four equations of motion, Eqs. (38), (41), (42) and (43), and only three variables, Ψ, Φ and δϕ. However, following a similar procedure to the one in the previous subsection one can show that (42) can be derived from the other two equations, i.e., Eqs. (41) and (43), where this time to complete the proof one also needs to use Eq. (38). In summary, the independent first-order equations of motion for the mimetic Horndeski model that we will use from now on are
Because in this system of equations there are no spatial derivatives one can anticipate that the sound speed for the dynamical scalar degree of freedom will be exactly zero. Indeed, from the previous three equations one can find an evolution equation for the Newtonian potential Φ as
where the B i functions are defined as
There is no spatial Laplacian term so this means that the sound speed of the perturbations is exactly zero as anticipated. In appendix D, we show that the conclusion that the sound speed is exactly zero also applies to a scalartensor theory more general than mimetic Horndeski, the one which is built starting from G 3 theories [13, 14] . Notice also that in Eq. (47) there is no source term on the right-hand side, which is usually associated to the presence of entropy perturbation modes, see, e.g., [27] . This will be also confirmed below when deriving the equation of motion for the comoving curvature perturbation. After solving Eq. (47) for Φ one can use the constraint equation, Eq. (44), for a given function b(ϕ), to solve for δϕ. Finally to find Ψ one can solve
It is convenient to introduce a new variable, the comoving curvature perturbation ζ (the comoving gauge is defined by δϕ = 0 and in that gauge ζ is related (to first order) to the 3D curvature as R (3) = −4a −2 ∂ 2 ζ), which is defined as
One can show that the set of equations of motion of the model, Eqs. (44)- (46), is equivalent to (using the background equations of motion)
Note that the comoving curvature perturbation ζ has a first-order equation of motion with solution ζ = constant on all scales (and vanishing intrinsic entropy perturbations, see, e.g. [28] ). For the particular case when G 4 (X, ϕ) = 1/2 and G 5 (X, ϕ) = 0 (and the other functions of the Horndeski theory, i.e. K and G 3 , are kept general) we were able to simplify the evolution equation, Eq. (47), to obtain
where the variableΓ is defined asΓ
The quantityΓ can be seen as a correction to the perturbation equation of standard pressureless dust that arises in these mimetic models. This equation was first derived and solved in [15] for the case when the function G 3 (X, ϕ) was zero. What we found is that this equation is still valid even if G 3 (X, ϕ) = 0. Let us note that the particular mimetic models for which Eq. (56) is valid include the two models studied in [9] that showed very interesting cosmological behaviour (e.g. they can reproduce exactly the ΛCDM background expansion). It is important to note that the quantityΓ is written in a geometrical way and that it exactly vanishes for a ΛCDM expansion history. Indeed, the differential equationΓ = 0 has the three solutions: a(t) ∝ exp Ct , a(t) ∝ t 2/3 and a(t) ∝ sinh 2 3 (Ct). In the limit of a ΛCDM background expansion history, corresponding to the latter solution, the perturbations in these particular mimetic Horndeski models will behave exactly in the same way as the perturbations in a ΛCDM universe. For the particular case when G 4 (X, ϕ) = 1/2 and G 5 (X, ϕ) = 0, the relation between ζ and Φ is
and Ψ = Φ. To find the solutions of Eq. (56) let us use the results of [15] . By using the number of e-folds, N = ln a, as the time variable and using a new variable as
where the subscript , N denotes derivative with respect to N , the Hubble rate is defined as H = da/(adt), where t denotes cosmic time, one can write the evolution equation, Eq. (56), as
where the variable Θ is defined as
It is immediate to show that Q ∝ Θ is a solution of Eq. (60). The other solution can be found using the Wronskian method and is Q ∝ a −H,N 1 − H a da H . This implies that the two solutions for the Newtonian potential are
The general solution for Φ is a linear combination of Φ 1 and Φ 2 , with C 1 (x) and C 2 (x) being the integration constants, as
The same solutions were found in [15] for a model with G 4 (X, ϕ) = 1/2 and G 3 (X, ϕ) = G 5 (X, ϕ) = 0. Here we show that the form of the solutions is the same even if G 3 (X, ϕ) = 0. The solution Φ 1 corresponds to ζ = 0 while the solution Φ 2 corresponds to ζ = constant = 0. If the scale factor is a ∝ t which decays for an expanding universe if w > −5/3 and therefore Φ 1 is the decaying mode in that case (Φ 2 is constant).
IV. THE CAUCHY PROBLEM AND THE SOUND SPEED
In this section, we will follow the method of [15] to show that, without assuming any background but for a nondynamical metric, the sound speed is exactly zero in a general mimetic Horndeski theory (without additional matter fields). We will assume that the four-velocity is time-like because we have cosmology applications in mind.
The constraint equation, Eq. (10), which is the equation of motion for the Lagrange multiplier, implies that
where we assume that b(ϕ) < 0. For a mimetic Horndeski theory, one can redefine the scalar field as to absorb b(ϕ), or in other words, one can choose b(ϕ) = −1 without losing generality [9] . From now on in this section we will set b(ϕ) = −1. The constraint then implies X = 1/2. One can define the four-velocity as
which satisfies the constraint u ν u ν = −1 and in the last equality we have used the constraint X = 1/2. In this section we will use the notation( ) = u ν ∇ ν ( ) to denote the derivative along u ν . It is easy to see that the four-acceleration, a ν , is always zero, i.e. 
Let us decompose the covariant derivative of u ν in its symmetric and skew-symmetric parts as
The tensor θ µν is called the expansion tensor and the tensor ω µν is called the vorticity tensor. These satisfy θ µν u µ = ω µν u µ = 0. In the present case of a mimetic scalar field, the vorticity tensor is zero because ∇ µ u ν = ∇ ν u µ . Let us further decompose the expansion tensor in its trace and trace-free parts as
where h µν is defined as h µν = g µν + u µ u ν . θ is called the volume expansion and σ µν is called the shear tensor. These satisfy σ µν u µ = σ ν ν = 0 where σ ν ν = g µν σ µν and σ (µν) = σ µν . One can then find
θ satisfies the well-known Landau-Raychaudhuri equatioṅ
The evolution equation for the shear tensor iṡ
In deriving the previous two equations we have used several times Eq. (66)
µλν and the general properties of the Riemann tensor R µναβ . The equation of motion for the field ϕ can be written as
where λ is the Lagrange multiplier field introduced in Eq. (1), Ω ϕ , defined in Eq. (6), can be written as
and the explicit (long) expressions of P µ can be found in Appendix B of [12] . For the mimetic Horndeski theory that we are interested in, those expressions can be written as
where to obtain the previous equations we have used the Bianchi identity, ∇ µ G µν = 0 and the second Bianchi identity ∇ λ R αβµν + ∇ µ R αβνλ + ∇ ν R αβλµ = 0. Using the previous expressions and Eqs. (72) and (73), one can see that Eq. (74) does not contain derivatives higher than two in both the metric and the scalar field ϕ as expected. This is because the mimetic theory does not change the number of derivatives of the original theory [9] and in the previous case the original theory was Horndeski's theory which is well-known to contain no derivatives higher than two in the equations of motion. Note also that the equations of motion for λ and ϕ, Eqs. (67) and (74) respectively, are first-order ordinary differential equations. Following [15] one can argue that the Cauchy problem has a unique solution locally that depends only on the two initial conditions for ϕ and λ. Furthermore from Eqs. (67) and (74) one can see that the solutions evolve along time-like geodesics and neighbouring space points do not "communicate" with each other, this implies that the sound speed is identically zero (for any cosmological background but with a non-dynamical metric) as we wanted to show. The Cauchy problem may become ill-defined for some time in the future for initial condition that give origin to caustics. This would be a problem for this model which is beyond the scope of this paper. Caustics are known to appear in other theories with non-canonical scalar fields, see for example [29, 30] .
V. CONCLUSIONS
In this paper we have studied linear scalar perturbations around a flat FLRW background in mimetic Horndeski gravity. This work is an important first step in the study of the evolution of cosmological perturbations in this very general class of mimetic models. We have found that, in the absence of matter, the first-order equations of motion take a simple form given by Eqs. (44)-(46) for the Bardeen potentials or equivalently Eqs. (53)-(55) using the comoving curvature perturbation. Just like in Horndeski's theory, in mimetic Horndeski gravity there is an effective anisotropic stress even in the absence of matter.
The (generalised) Newtonian potential was shown to satisfy a second-order ordinary differential equation with no spatial derivatives which implies that the sound speed for scalar perturbations is exactly zero for a flat FLRW background. We have explicitly solved this equation for mimetic Horndeski models which include the so-called cubic Galileon term. This case includes the cosmological models proposed in our previous work [9] , where we showed that simple mimetic models can essentially mimic any desired expansion history. For this particular case, the form of the solutions that we found is the same as in the so-called λϕ fluids [15] which are a generalisation of the mimetic dark matter scenario [1, 2] . We have shown that in these models, if the background expansion history is exactly equal to the ΛCDM expansion history then also the perturbations will evolve in exactly the same way.
The equation of motion for the comoving curvature perturbation is a first order ordinary differential equation which can be easily solved to find that the comoving curvature perturbation in general mimetic Horndeski gravity is exactly constant on all scales.
These results show that in these models there are no wave-like propagating scalar degrees of freedom.
We have shown that the conclusion that the sound speed of scalar perturbations is exactly zero around a flat FLRW background also applies to a mimetic theory beyond mimetic Horndeski, i.e. mimetic G 3 theories. (Mimetic) G 3 theories are interesting because they contain only one extra scalar degree of freedom in addition to the usual two polarizations of the graviton. On the other hand it is well-known that if one starts with a theory with higher-derivative equations of motion and which contains additional scalar degrees of freedom then the mimetic theory may have a non-zero sound speed [2] . These results indicate that there might be a relation between the value of the scalar sound speed and the number of degrees of freedom of the original theory. We leave the detailed investigation of this relation for future work.
Finally, for a non-dynamical metric, we have shown that the scalar sound speed is exactly zero for all cosmological backgrounds.
For future work, we leave the study of the Hamiltonian formulation of mimetic Horndeski gravity and the issue of whether caustics will develop or not and if so how one can interpret them.
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The zeroth-order trace E (0) can be easily computed from the previous equations by using
Appendix B: The explicit expressions of the fi functions
In this appendix, we give the explicit expressions for the functions f i , i = 1, ..., 21 defined in the main text. These expressions can be used for both the Horndeski and mimetic Horndeski models because no equations of motion were used.
They read
(B16)
where E (0) ij in the previous equations denotes the coefficient of δ ij in E (0) ij (i.e. the expression inside square brackets in Eq. (A2)). The explicit expressions for the f i functions with i = 10, 15, 18, 19, 21 can be found easily from the previous identities and the provided expressions for the other f i functions. frame), while the spatial part of π µν can be decomposed as
where the vector Π i obeys ∂ i Π i = 0 and the tensor Π ij obeys Π i i = ∂ i Π ij = 0 (where the indices are raised with δ ij ). From now on we will neglect the vector and tensor parts of the anisotropic stress tensor. The 4-velocity obeys the constraint u µ u µ = −1 and can be expanded as
where the velocity v i , a first-order quantity, can be decomposed in a scalar and intrinsic vector parts as v i = δ ij ∂ j v + v 
where ρ 0 and P 0 denote the zeroth-order energy density and pressure respectively. The trace is T (0) = −ρ 0 + 3P 0 . At first order we have
where δρ and δP denote the energy density and pressure perturbations respectively. The trace is T (1) = −δρ + 3δP . The conservation of the energy-momentum tensor, ∇ µ T µν = 0 implies at zeroth order
and at first order
((ρ 0 + P 0 )v) ′ + δP + 2 3 ∂ 2 Π + 4H(ρ 0 + P 0 )v + (ρ 0 + P 0 )Φ = 0.
The previous results are all well-known in the literature and now we will present the equations of motion of mimetic Horndeski gravity coupled with this fluid. The equations of motion of the mimetic Horndeski model including matter are Eqs. (13) where the E µν tensor is computed from the Horndeski Lagrangian. They read
where we dropped the field equation because it is redundant and replaced the equation Ω m = 0 with the equivalent equation ∇ µ T µν = 0. As shown in section II, the "time-time" component of the generalized Einstein equations is also redundant. In the background the previous equations of motion reduce to 
Similarly to the case discussed in the main text, one can show that the third equation of the previous set can be derived from the other equations (one does not need to use the fifth equation to show that) and using the background equations of motion. In conclusion the set of independent equations of motion in mimetic gravity with matter is given by Eqs. (C13), (C14), (C16), (C17) and (C18). Using the variable ζ defined in subsection III B one can write Eq. (C16) in the previous set as
